ABSTRACT. Let {S(i) : í > 0} be a nonlinear semigroup of operators mapping a closed subset C of a real Banach space X into itself. Conditions are found for an accretive operator in X to be the generator of {S(t) : t > 0} with smoothing effect:
A CHARACTERIZATION OF NONLINEAR SEMIGROUPS WITH SMOOTHING EFFECT
The conditions contain a Gârding-type inequality, and are shown also to be necessary if C is a closed convex subset of a "nice" Banach space X.
Introduction.
Let (A, | • |) and (V, \\ ■ \\) be real Banach spaces and assume that V is imbedded continuously in X. In this paper, we are concerned with the semigroup {S(t) : t > 0} of operators mapping the closed subset C of X into itself, which satisfies the following conditions: (5.1) For each x e C and t > 0, S(-)x belongs to C([0,oo); A) n Lp(0,t;V) and satisfies ( 
1) \S(t)x -S(t)y\p + K [ \\S(r)x -S(r)y\\p dr < \x -y\p Jo
for x,y e C, where p > 1 and K > 0 are constants.
(5.2) Any u e C such that \t~l(u -S(t)u)\ is bounded for 0 < t < 1, belongs to V and S(-)u to C([Q,oo);V).
The author [11] recently proved that if an operator A in A is m-accretive and satisfies In this paper we shall first find conditions for an accretive operator A in A to generate a semigroup with both properties (S.l) and (S.2); next we shall show that our conditions on A are equivalent to the conditions (S.l) and (S.2), provided that A is a "nice" Banach space such as a Hilbert space or a Banach space with a uniformly convex dual, and that C is a closed convex subset of A.
Suggested by the previous conditions, we consider an accretive subset A of A x X satisfying the conditions: The condition (S.l) implies the "smoothing effect" of the semigroup {S(t): t > 0}: For any x eC, S(t)x "belongs to the smaller Banach space" V a.e. t > 0. This kind of phenomenon has been studied for the semigroups mainly associated with concrete diffusion equations.
Indeed, sharp results have been obtained "case by case" from the particular properties of each given nonlinear diffusion equation (see, e.g. [2, 5, 9] ). As powerful tools we have the subdifferential of a lower semicontinuous function, and the Lyapunov function for an accretive operator developed in [9] . Our intention in the implication (A.l) and (A.2) -(S.l) and (S .2) is to provide another type of method available to this kind of study for a class of diffusion equations rather than to obtain specific results in this direction.
In §3, making additional assumptions on C and A as mentioned above, we will deal with the converse problem:
(S.l) and (S.2) -> (A.l) and (A.2).
The author considers it to be meaningful from an abstract point of view to characterize the generator of a nonlinear semigroup with properties (S.l) and (S.2). In fact, at present, we have no complete nonlinear analogue of linear differentiable [8] or analytic semigroups (cf. [2, p. 141]).
Conditions for generation.
In this section we shall prove the following theorem on the generation part. THEOREM 1. Let A be an accretive operator in X with properties (A.l) and (A.2). Then the semigroup {S(t): t > 0} generated by A, through (3), satisfies the conditions (S.l) and (S.2) with C -D(A).
PROOF. Recalling the remark given just after the statements of (A.l) and (A.2), we find that A satisfies the conditions (A.l), (2) , and (4). Therefore, using a quite similar method to that used in the proof of [11, Theorem 1], we can obtain easily that the semigroup satisfies (S.l). We have thus only to show (S.2) for the semigroup. To this end we need the following: LEMMA 1. Let {S(t): t > 0} be the semigroup generated by A, through (3), under the condition (A.l). Then, for each u e D(A), \t~1(u -S(t)u)\ is bounded for 0 < t < 1 if and only if |A_1(u -(/ + AA)_1u)| is bounded for 0 < A < 1.
The proof of this lemma might be omitted since a more strict assertion has been presented in [ 3. Equivalence of conditions. In this section we are concerned with the converse problem.
As mentioned in the Introduction, we have to assume that (A, I • |) is a "nice" Banach space; more specifically, A is reflexive and the norm I ■ I is uniformly Gâteaux differentiable.
Generally, the norm || • || of a Banach space Y is said to be uniformly Gâteaux differentiable if, for each y e U where U -{x e Y : \\x\\ -1}, the limit limpio -^~1(lla; + -Ml -\\x\\) is approached uniformly as x varies over U. It is known (see [10, §1] ) that every Banach space with a uniformly convex dual, which includes Hubert spaces and the Lp-spaces for 1 < p < 00, becomes a "nice" Banach space in the above sense.
The following is the main result of this paper.
THEOREM 2. Assume, in addition, that X is reflexive and the norm \ ■ \ is uniformly Gâteaux differentiable and that C is convex. Let {S(t): t > 0} be a semigroup of operators mapping C into C with properties (S.l) and (S.2). Then there exists an accretive subset A of X x A satisfying (A.l) and (A.2).
PROOF. We shall divide the proof into two steps. (S.l) -* (A.l). Clearly the condition (S.l) implies that {S(t) : t > 0} is a semigroup of contractions from C into C. Therefore, the operator J\,t = (I -Xt~1(I -S(t)))~1 is well defined for A > 0 and t > 0, and becomes a contraction from C into C. Bâillon (ii) J\x satisfies, for X > 0 and t > 0, (7) ¡t-^I -S(t))Jxx\ < \X~\x -Jxx)\, and converges in X to x e C as X J. 0.
This lemma implies that the infinitesimal generator Ao:
D(Aq) = {ueC: \imtiot'1 (I -S(t))u exists} is densely defined in C, which was established first by Komura [6] in the case of a Hubert space. Moreover, Bâillon [1] proved that the closure A in X x X of the set
becomes an accretive subset of X x X with the property (A.l), and that the semigroup is represented in terms of A by (3).
(S.l) and (S.2) -i (A.2). Assume that, for u e C, \X~x(u -(I + XA)-lu)\ is bounded for 0 < A < 1. Then, by Lemma 1 with (3), |£-1(u -S(t)u)\ is bounded for 0 < t < 1. Hence, by (S.2), we obtain ueV.
We have now only to show that A defined in the above satisfies the inequality (4). To this end, the following inequality plays an important role:
p|x -V\*-1t(x -y, t-\l -S(t))x -t-\l -S(t))y) (8) , f* >Kt~l I \\S(r)x-S(r)y\\pdr
Jo for x,y eC and í > 0. Indeed, the left-hand side of (8) is not smaller than p|x -yr^t-'lx -2/1 -rl\S(t)x -S(t)y\) >r1|x-#-r1|5(í)x-s(í)# by Young's inequality. Thus (1) implies (8) .
The following is our key lemma. where we have used (7) . Letting t [ 0 and using Lemma 2, (i), we obtain the lemma.
Q.E.D.
We are now in a position to show (4) for our A. In view of the definition of A, we find that it suffices to verify (5) in the following three cases. We shall finish our discussion with the linear case. In this case the "nice" property of (A, ||) may be dropped and the situation becomes simpler. The results of Theorems 1 and 2 can be formulated as follows.
COROLLARY. Let A be a linear m-accretive operator such that D(A) is included in V and dense in X. Let {S(t) : t > 0} be the strongly continuous semigroup in X generated by A. Then Then the equality (A2,u,u)o = \\u\\\ -\\u\\o implies the coincidence D((I + A3)1/2) = //¿(fi) and the estimate (1 -2A)||u||g + 2A||(/ + A3)1/2it||21 < ||u + AA3u||o for 0 < A < 1/2 and u e D(Az). We can thus deduce without the use of complex numbers that the semigroup {¿^(i) : t > 0} generated by A3 is very smooth in the above sense.
